We present bosonic actions for M2, D3 and M5 branes coupled to adS p+2 × S d−p−2 geometry and forms. The relevant local diffeomorphism invariant actions have ISO(10, 2) symmetry for D3 and ISO(11, 2) symmetry for M2 and M5, broken down to linearly realized conformal SO(p+1, 2)×SO(d−p−1) symmetry by the WZ term and constraints. The gauge-fixed actions describe non-gravitational self-interacting non-linear conformal theories of the bosonic parts of 3d scalar, 4d vector and 6d tensor supermultiplets for M2, D3 and M5 branes respectively. We also present an interacting conformal theory related to the D1+D5 configuration. † Onderzoeksdirecteur FWO, Belgium
Introduction
It is well-known that the d-dimensional anti-de Sitter group is isomorphic to the (d − 1)-dimensional conformal group. For this reason the anti-de Sitter isometry group of d-dimensional anti-de Sitter space acts as the conformal group on its (d − 1)-dimensional boundary. The degrees of freedom at the boundary are the singleton representations of the adS group, so singleton field theories are natural candidates for conformal field theories. If one views the singleton fields as describing fluctuations of the boundary of the adS space then it is natural to interpret the boundary as a physical object. It was shown in [1] that the supergravity solutions representing the M2, D3 and M5 branes interpolate between the Minkowski vacuum and a compactification to adS space. On the one hand the field modes trapped near the core are naturally identified as the worldvolume fields of the brane. On the other hand, the core region is also the boundary region of the adS vacuum.
These connections between branes, singletons, adS space and conformal invariance led, in the past, to several attempts to construct new conformal field theories. Some recent developments [2, 3, 4, 5, 6 ] have now brought this program back to life. One key observation [2, 3, 4] is that if a p-brane is embedded appropriately in an adS p+2 background then it is not necessary to push the brane to the boundary S 1 × S p as was the case in the past [7] . One way to see this is to observe that for a fixed distance from an M2 brane (for example) the near-horizon adS 4 × S 7 geometry becomes a better and better approximation as the membrane number N (i.e. its charge, classically) increases. Now, given say 1001 parallel coincident membranes we can move one of them away; if it remains parallel to the other 1000 membranes it will feel no force, but it will appear to be in the adS 4 × S 7 background of the other 1000. The worldvolume of this static M2 brane is 3-dimensional Minkowski spacetime, so its gauge-fixed action must be a 3-dimensional field theory with a Minkowski vacuum. The symmetries of this theory are just the isometries of the background, in this case the group OSp(8|4) which we may now interpret as a 3-dimensional superconformal group. These ideas have been used recently to make some progress towards the construction of superconformal field theories on brane worldvolumes [2, 3, 4] . These works did not exploit systematically the fact that the conformal symmetry follows directly from the isometries of the background. Here we shall do so, thereby finding new (classically) conformally invariant field theories on the worldvolumes of the M2, D3 and M5 branes.
Recent studies have shown that to construct the interacting superconformal field theories of scalar, vector and tensor multiplets one must necessarily couple the brane actions to the background whose isometries are isomorphic to the superconformal algebra. In each case such a background corresponds to a near-horizon adS p+2 ×S d−p−2 geometry of the branes and the space-time (p + 1)-forms which are required for unbroken supersymmetry. For the flat background it has already been established that only the quadratic part of the action has superconformal symmetry [2] . The self-interaction terms in the flat background destroy the superconformal symmetry of the free action. However, if one simultaneously keeps the background of the branes near the horizon and the interaction terms, the non-linear actions exhibit conformal symmetry, at least in the approximation when only the radial modes of the branes are excited [3, 4] .
Here we would like to find the symmetries which form the anti-de Sitter algebra first in the classical brane actions before gauge-fixing local symmetries and afterwards to preserve this symmetry in a process of quantization. Before gauge-fixing we have local symmetries of the brane action coupled to the background (local diffeomorphism and κ-symmetry) and rigid symmetries, isometries of the background. After gauge-fixing we will be left only with field-dependent symmetries, which as we hope will form a superconformal algebra.
The isometries of the M2 brane near-horizon geometry, which is a adS 4 × S 7 space-time with the corresponding 3-form are given by OSp(8|4) supersymmetry. The bosonic part of this symmetry is Sp(4) ⊕ SO(8) ∼ SO(3, 2) ⊕ SO (8) . The isometries of the D3 brane near-horizon geometry, which is a adS 5 × S 5 space-time with the corresponding 4-form are given by SU(2, 2|4) supersymmetry. The bosonic part of this symmetry is SU(2, 2) ⊕ SU(4) ∼ SO(4, 2) ⊕ SO (6) . The isometries of the M5 brane nearhorizon geometry, which is a adS 7 × S 4 space-time with the corresponding 6-form are given by OSp(6, 2|4) supersymmetry. The bosonic part of this symmetry is SO(6, 2) ⊕ USp(4) ∼ SO(6, 2) ⊕ SO(5) [8] .
Thus we would like to use the general isometries of the adS p+2 × S
plus the (p + 1) form background to derive the superconformal symmetries of the world-volume actions describing matter multiplets in the p + 1-dimensional Minkowski space. It turned out that a rather simple way to implement the superconformal symmetry in the classical brane actions is to use the geometric description of the adS p+2 × S d−p−2 space-time as a product hypersurface in a d+2-dimensional space. We will find an ISO(10, 2)-symmetric Born-Infeld action for the D3 brane with WZ term and constraint terms breaking ISO(10, 2) to SO(4, 2) × SO (6) . For M2 and M5 branes the BornInfeld action will have an ISO(11, 2)-symmetry broken to SO(3, 2) × SO (8) and SO(6, 2) × SO(5) by the WZ term and constraint terms. For the configuration related to the D1+D5 solution we will also find a conformal string theory. The classical action will be given by an ISO(10, 2)-symmetric theory broken down to SO(2, 2) × SO(4) × ISO(4) by the WZ term and constraint terms. There seem to be an intriguing connection to SO(10, 2) F-theory in our new formulation of the D3-brane action and D1+D5 action and to the SO(11, 2) S-theory for M2 and M5. The possibility of non-Lorentzian signature with respect to super p-branes and in particular of (10, 2) dimensions were considered in [9] . These space-times have been studied recently from various perspectives in [10, 11, 12] . A recent review of supersymmetry in dimensions beyond eleven can be found in [13] .
Our next step is to gauge-fix the local symmetries and find out how the superconformal symmetries are realized in the self-interacting non-gravitational world-volume theories of the matter multiplets in Minkowski space. In this paper we will study only the bosonic part of the actions.
The paper is organized as follows: in Sec. 2 we present the usual description of the near horizon geometry of the configurations we study. In Sec. 3 we introduce the same geometries in a space with one additional space and one additional time dimension and flat metric and a hypersurface and show that the metric induced on the hypersurface is adS p+2 ×S d−p−2 . Sec. 4 implements the geometric ISO(d, 2) symmetry broken down to SO(p+1, 2)×SO(d−p−1) into the brane actions. In Sec. 5 we show that our actions are equivalent to the usual ones. Sec. 6 explains our procedure of gauge-fixing local diffeomorphism, which keeps the SO(p + 1, 2) × SO(d − p − 1)-symmetry of the classical action. Sec. 7 presents our results: The reader who is interested only in the final non-gravitational interacting conformal theory may proceed directly to the Sec 7. There we give the actions and their conformal symmetry. This symmetry can be verified directly without any reference to the original brane action invariant under local diffeomorphisms coupled to the anti-de Sitter background which we describe in the previous sections. Sec. 8 extends the results for single branes to the case of D1+D5 branes. Sec. 9 shows the expansion of the actions near the quadratic action, i.e. an approximation of small velocities. Sec. 10 has a short discussion of the results and possible developments.
In Appendix A we compare our conformal theories on the branes where the worldvolume is a Minkowski space M p+1 with other types of conformal theories of branes where the worldvolume is the boundary of the adS space, S 1 × S p . We use for comparison the Membrane at the End of the Universe solution [7] . In Appendix B we verify the enhancement of supersymmetry near the horizon of the D1+D5 configuration. In Appendix C we explain how the Born-Infeld actions are expanded in the approximation of small velocities. 
The space-time metric and the (p + 1)-form of the brane configuration with 1/2 of unbroken supersymmetry are described in terms of a harmonic function 
3)
The brane space-time is asymptotically flat at r → ∞. The horizon of the brane in these isotropic coordinates is at r → 0. Very close to the horizon at r → 0 the first term in the harmonic function (2.2) can be neglected comparative to the second term. This gives a near-horizon geometry and a (p + 1)-form [1] H hor = lim
It has been pointed out in [3] that one can interpret the parameter R for each of the configurations above as follows. For the M2 brane R 6 = 2 5 π 2 Nl 6 P , for the D3-brane R 4 = 4πgNα ′2 , and for M5 R 3 = πNl 3 P and N can be interpreted as the number of parallel branes. It is possible therefore to think of the adS p+2 × S d−p−2 geometry as coming either as a result of considering a small r (near horizon) approximation or a large N (many branes with unit charges) approximation. Note also that since the curvature near the horizon depends on N as a negative power, large N is required for supergravity to be valid. An additional interpretation was suggested in [5] , where a special duality transformation was introduced to remove the constant from the harmonic function. The near-horizon geometry of D3, M2 and M5 branes is given by adS 5 × S 5 , adS 4 × S 7 and adS 7 × S 4 and 4-, 3-and 6-forms, respectively. To define adS p+2 × S d−p−2 , we start from defining it as a submanifold of a d + 2-dimensional space (m = m, +, −)
with the flat metric with mostly plus signature (d, 2)
Here m = 0, 1, . . . , p andm ′ = p + 1, . . . , d − 1. Thus we need for D3 a space (10,2) and for M2 and M5 a space (11, 2) . The isometry group of this d + 2-dimensional space is ISO(d, 2) acting on the coordinates as
Here ΛMN and AM are global parameters. The submanifold is determined by the hypersurface which is a product of two surfaces:
On the hypersurface we will define the coordinates {x m , φ} by
For Xm ′ we choose polar coordinates with radius R. The induced metric on the hypersurface is the metric of adS p+2 × S d−p−2 :
The form of the near-horizon metric for each of these branes in usual radial variables (2.6) can be obtained upon changing variables
Note that for D3 with w = 1 it is easy to establish the fact that the metric (3.6) of adS 5 × S 5 space-time is conformal to a flat metric. Indeed we may follow [14] where it was shown that Bertotti-Robinson adS 2 ×S 2 space-time is conformal to a flat one. Thus we use w = 1 and perform a constant rescaling x m = Rx m and the change of variables φ = 1 ρ . We get
In the cases of M2 and M5 the presence of a factor w 2 (w = 1/2, 2 for M2 and M5 respectively) in the metric (3.6) forms an obstruction for an analogous procedure. We have also explicitly computed the conformal curvature tensor, the so called Weyl tensor
and verified that the near-horizon geometries of M2 and M5 branes are not conformally flat, whereas the near-horizon geometry of D3 is conformally flat:
, which is the bosonic part of the maximally extended superconformal group for each case at hand, is linearly realized in the embedding (d + 2)-dimensional space, and these transformations are
For example for D3 branes we start with (10,2) flat space which contains a product hypersurface which breaks the ISO(10, 2) symmetry of the space to SO(4, 2) × SO(6) by its existence. For M2 branes we start with (11,2) flat space which contains a hypersurface which breaks the ISO(11, 2) symmetry of the space to SO(3, 2) × SO (8) . For M5 branes we start with (11,2) flat space which contains a hypersurface which breaks the ISO(11, 2) symmetry of the space to SO(6, 2) × SO(5). All these properties of geometries can be transferred to the properties of the brane actions defined in a d + 2-dimensional target space as different from the standard formulations with d-dimensional target space. If one prefers to realize the SO(p+1, 2) symmetry on a smaller set of coordinates (x m , φ) some of these transformations are then non-linearly realized on the p + 1 space of the brane. Indeed we get [2] 
when we identifŷ
It follows that φ has Weyl weight 1. The scalars r = Rφ w have Weyl weight
which is the canonical weight for scalars in (p + 1) dimensions.
Brane actions with
The idea is to make the conformal symmetry manifest and linearly realized in the classical brane actions. The bosonic part of the superconformal algebra for the branes under consideration is an SO(p+1, 2)×SO(d−p−1) symmetry. We suggest to use as a target space a d + 2-dimensional space with the flat metric and introduce the product of two hypersurfaces (3.4) with the help of two Lagrange multipliers λ 1 and λ 2 . The world-volume actions for the D3, M2 and M5 branes acquire the following form (µ = 0, 1 . . . , p)
The two form T µν and L ′ for the specific cases are
We raise and lower µ-indices here with the ISO(d, 2)-symmetric metricĝ µν . Thus the Born-Infeld action has the ISO(d, 2) symmetry, i.e.
The WZ term is given by the integral over a p + 2-dimensional space with the world volume being its boundary. The integrand is the SO(p + 1, 2)-invariant (p + 2)-form
Thus we have
The WZ terms are neutral under SO(d − p − 1) symmetry of the target space as they do not involve any dependence on X m ′ coordinates. The actions for Lagrange multiplier terms are given by
where the first Lagrange multiplier term is
and has a manifest SO(p+1, 2) symmetry and it is neutral under SO(d−p−1) symmetry of the target space. The second Lagrange multiplier term is
has a manifest SO(d − p − 1) symmetry and it is neutral under SO(p + 1, 2) symmetry of the target space.
Thus we have found some actions with ISO(d, 2) symmetry broken down to SO(p + 1, 2) × SO(d − p − 1) symmetry by WZ and Lagrange multiplier terms. These actions are invariant under local diffeomorphisms with a parameter η µ (σ) defined as
and possible gauge transformations for D3 and M5. The actions are also invariant under a global SO(p + 1, 2) × SO(d − p − 1) symmetry, which is the bosonic part of the superconformal group for each brane:
Here Λmn and Λm ′n ′ are global parameters and the conformal group is realized linearly in a target space with one additional space and one additional time coordinates.
5 Brane actions on constraints T 1 = T 2 = 0
We have to show that the actions presented in the previous section are the correct brane actions, i.e. they give the bosonic part of the kappa-symmetric actions in the background of adS p+2 × S d−p−2 geometry and a space-time (p + 1)-form. To show this we have to solve the equations of motion for the two Lagrange multipliers λ 1 and λ 2 :
We are using the same variables as in Sec. 3. For Xm we have
and for Xm
The induced metric in the d-dimensional target space becomes
Here we have combined the radial variable r = X − from the Xm group with the d−p−2 angles θ from Xm ′ group. These d−p−1 variables we transformed back to Cartesian coordinates X m ′ with m ′ = p + 1, . . . , d − 1 and
The BI action becomes a standard action of a brane coupled to the background:
Here the d coordinates of the target space are X M = {x m , X m ′ } and the background metric G M N is the 'near-horizon limit' adS p+2 × S d−p−2 , as given in (2.6).
When we use the constraints (5.1) in the WZ term we find that
with φ = r R 1/w . In terms of r we have
with
where
Integrating over the boundary of M p+2 gives the WZ-action as the pull-back of the near-horizon space-time (p + 1)-form (2.7).
Thus we have fully recovered the standard form of the brane action after using the equations of motion for the Lagrange multipliers.
These actions are invariant under local diffeomorphisms defined as 11) and possible gauge transformations for D3 and M5. Here η is an arbitrary function of σ. Rigid symmetries are determined by the Killing equation which is the vanishing Lie derivative of the metric:
The solutions are the SO(d − p − 1) rotations 13) and the anti-de Sitter transformations
Note that these are the transformations which we found in section 3 for the anti-de Sitter group. The form of the expressions for ξ m (x) and Λ D (x) is explained also in eqs. (2.5) and (2.6) in [2] . The rigid symmetries determined by the isometries of the background form the bosonic subalgebra of the superconformal algebra SO(p + 1, 2) × SO(d − p − 1). This can be understood either by calculating the algebra of the transformations given in eqs. (5.13) -(5.16) or simply relying on the fact that these transformations were derived from linearly realized SO(p + 1, 2) × SO(d − p − 1) symmetry.
Gauge-fixing
To fix the diffeomorphisms one can take the static gauge
However for our purpose to keep the conformal symmetry of the theory after quantization it is useful to consider the gauge-fixed action in the form where the gauge-fixing condition is introduced with the help of a Lagrange multiplier. Thus we take
Let us study the symmetries of the gauge-fixed action (6.2). Under local diffeomorphisms with arbitrary parameter η µ (σ) the classical action is invariant but the gauge-fixing condition is not invariant. This is an admissible gauge which fixes local diffeomorphisms and removes the degeneracy of the action. However, we may take into account that the classical action is invariant under both local diffeomorphisms and rigid symmetries corresponding to the isometries of the background. Let us study the action of both of these symmetries on the gauge-fixed action:
The combined action of local diffeomorphisms and rigid anti-de Sitter transformations on x µ is
This can be represented in the form
The last term is proportional to the gauge and therefore can be removed by the transformation of the Lagrange multiplier π
The symmetry of the gauge-fixed action under the combined action of local diffeomorphisms and rigid anti-de Sitter transformations requires that
Thus the gauge-fixed action (6.2) is invariant under combinations of the original rigid anti-de Sitter transformations and reparametrization symmetries with parameter η m (σ = x) which however is not an arbitrary function of the worldvolume coordinates anymore, but a rigid function of coordinates and a particular function of the field r(σ = x) . The formula forξ m (x, r(x)) is given in eqs. (3.13) and (5.14) . This parameter is defined by the Killing vectors of our background. The gauge-fixed action depends on the scalar fields on the brane which come from the transverse directions of the brane, X m ′ and vectors (tensors). We have just proved that the gauge-fixed action (6.2) is invariant under the following conformal transformations
10)
11) One could have instead of adding to the classical action the gauge-fixing term use the gauge-fixed action in the form where one replaces x µ (σ) by σ µ .
2 The termÃ In this "brute force" method one can also find the conformal symmetry of the action. In fact this was our original method and it worked! We found that the Weyl weights have to be [X m ′ ] = w , [T µν ] = 2 and that the extra part of special conformal transformations [2] is
It depends on the field r 2 (x) = X m ′ X m ′ and on the size of the anti-de Sitter throat R. So the special conformal symmetries Λ µ K k µ act on the forms and the scalars as local diffeomorphisms with parameter
In the direct derivation of conformal symmetry of the action (7.1) the fact that the conformal transformation of the gauge-fixed action involves a reparametrization transformation with the Killing vector as a parameter came as a surprise. Therefore we describe here the detailed derivation of the conformal symmetry on branes using the gauge-fixed action (6.2) where this feature is transparent.
Conformal theory of M2, D3 and M5 branes
The non-gravitational actions of M2, D3 and M5 branes depend on scalars and vectors or tensors which form the bosonic part of the scalar multiplet for M2, the vector multiplet for D3 and the tensor multiplet for M5.
1)
Only the M5 has a non-vanishing S H term in the action:
Here g µν is the induced metric of eq. (5.4) which after the gauge-fixing became
For completeness of this section and independence of the previous ones we present some details for the specific cases
The definitions of H * µν and H * µν H µν [15] , [2] include contractions of µ-indices. They are raised and lowered here with the metric (7.4).
The action (7.1) is invariant under conformal transformations:
where ξ µ (x) and Λ D (x) define the rigid field-independent part of the conformal transformations [2] : 10) and the r(x)-field dependent part of the transformations is presented explicitly. The rigid field-independent part of the conformal transformations was introduced in [2] and it was shown to be a symmetry of the small excitations of the branes, i.e. of the action in the quadratic approximation of fields. This symmetry can be defined in p + 1 dimensional space in terms of translations P µ , Lorentz transformations M µν , dilatation D and special conformal transformations K µ as follows
and the action of these symmetries on the fields is
Here we have found the non-linear generalization of these transformations which is a symmetry of the full (bosonic) action. Additional field-dependent terms in (7.6) and (7.7) depend on the size of the adS throat as R p+1 w and therefore vanish at R → 0.
The symmetry of the brane actions (7.1) under the set of conformal transformations (7.6) and (7.7) follows from the symmetry of the action (6.2) under the transformations (6.10), (6.11) and (6.12) upon solving the field equations for the Lagrange multiplier π to the gauge fixing condition.
Conformal theory of D1+D5
The study of conformal theories in the previous section was for the theories with
relation. The string with p = 1 is not in this class, however we may treat it separately, using the same methods as before. We look at the solution of a D1-brane embedded within a D5-brane 3 . In IIB supergravity in the string frame, this solution is given by
2)
Note that in the near-horizon regime, the solution assumes the form (r 2 = x 2 6 + . . . + x 
This solution is of the form adS 3 × S 3 × E 4 4 . Without loss of generality we will assume c 1 = c 5 = R in what follows. We may derive this geometry from the (10, 2) theory as before. The scalars from the adS 3 × S 3 part of the geometry will still have w = 1. However, the scalars from the E 4 part of the geometry will have a vanishing weight. Therefore many equations related to the d = 6 part of the geometry, adS 3 × S 3 , derived before will be valid here with w = 1. We start from a submanifold of a 12-dimensional space (m = m, +, −)
with the flat metric with mostly plus signature (10,2)
Here m = 0, 5,m = 1, . . . , 4 andm ′ = 6, . . . , 9. The isometries of this space form the group ISO(10, 2). The submanifold is determined by the hypersurface which is a product of two surfaces:
Thus the ISO(10, 2) symmetry of the metric is broken down to SO(2, 2) × SO(4)×ISO (4)-symmetry by the existence of a hypersurface. The remaining symmetry is linearly realized in the embedding 12-dimensional space, and these transformations are
The six-dimensional part of this solution, adS 3 × S 3 , was studied in [3] .
where Λmn, Λm ′ n ′ , Λmñ′ and Am ′ are global parameters. On the hypersurface we will define the coordinates (x m , φ) as before and use: φ = r/R . For Xm ′ we choose polar coordinates with radius R. The induced metric on the hypersurface is the metric of adS 3 × S 3 × E 4 :
Here we recombine as before the r coordinate from the adS space with the angle coordinates from the second surface and we get the original metric for D1+D5 with c 1 = c 5 = R: It is easy to show that the metric of adS 3 × S 3 part of the geometry is conformally flat, as it was shown for adS 5 × S 5 metric in Sec. 3. However, the metric of the total space adS 3 ×S 3 ×E 4 is not conformally flat. We have also computed the conformal curvature Weyl tensor to confirm this:
Now we may proceed as in the previous cases and consider the action with a ISO(10, 2)-symmetric Born-Infeld term and a WZ term and constraints breaking this symmetry to SO(2, 2) × SO(4) × ISO(4). We solve the constraints, gauge-fix the theory as before and get the non-gravitational interacting conformal theory of two types of scalars:
The action is invariant under conformal transformations of the scalar fields, 4 scalar fields X m ′ with weight 1 and 4 scalar fields Xm with weight 0,
It is also invariant under rigid SO(4) and ISO(4) transformations,
An important feature of the D-brane solutions which we consider (D3 and D1+D5) is that the dilaton is regular near the horizon, which means that it is constant and not depend on r. This is also the necessary condition for enhancement of supersymmetry near the horizon for theories with a dilatino. This D1+D5 configuration is closely related to the M2⊥M5 configuration in 11 dimensions, which has a near-horizon geometry of the form adS 3 × S 3 × E 5 [5] . In fact these configurations can be related through a web of dualities and dimensional reduction as follows: The M2 and M5 intersect in a string. Reducing the coordinate of M2, transverse to M5, which is one of the coordinates of the E 5 , one gets a fundamental string in a solitonic 5-brane in 10-dimensional type IIA-supergravity. T -dualizing this solution along one of the coordinates in the solitonic 5-brane transverse to the string (i.e. one of the coordinates in E 4 ) brings us to type IIB. An S-duality converts this system into D1+D5. It was noted in [5] that these reduction and dualities do not interfere with supersymmetry and hence supersymmetry enhancement is preserved. It would be interesting to understand the relation between conformal theories and these "dual" configurations better.
9 The size of the adS-space as coupling constant in non-gravitational conformal theories of branes
It has been noticed in [4] that the coupling constant of the gauge-fixed brane actions equals the size of the anti-de Sitter throat. This can be seen if we expand the actions for the branes (7.1) near the quadratic part of the action, i.e. we consider the small velocities approximation. The M2 brane gives a 3-dimensional conformal theory of a scalar supermultiplet. The bosonic part of the action in the approximation when we will keep up to fourth order in derivatives of fields is
The D3 brane gives a 4-dimensional conformal theory of a vector supermultiplet. The bosonic part of the action in the same approximation is
Finally, the M5 brane gives a 6-dimensional conformal theory of a tensor supermultiplet. The bosonic part of the action in the same approximation is
The indicesμ are barred to indicate that these are flat, i.e. raised and lowered with ημν. For M5 the definitions of H and H * are given in eq. (5.3) in [2] , but now all indices are raised and lowered with ημν, e.g. u 2 = uμημνuν . In all cases the quadratic free actions have conformal symmetry under transformations (7.6) and (7.7) taken at R = 0. It is highly non-trivial that the full non-linear action (7.1) has a conformal symmetry (7.6) and (7.7) which depends on the coupling constant of the theory R and on the field r 2 = X · X.
For the case that there would be only one radial excitation on the brane all 3 actions reduce to the formula (16) given in [4] .
One has to break this conformal symmetry spontaneously if one would like to consider the interacting field theory via perturbation theory. Indeed one has to assume that r(x) =< r > +r(x) = r 0 +r(x) (9.4) and expand terms 1 r n as 1 (<r>+r(x)) n . There will be two parameters in such theories, the size of the anti-de Sitter throat R and the vacuum expectation value r 0 of the radial excitation on the brane.
There is an additional subtlety if we attempt to spontaneously break the conformal symmetry of the 1 + 1 theory in the background of a D1 + D5 system. A 1 + 1 dimensional field theory does not contain a true moduli space, as one must integrate over all vacua. Therefore, one cannot exclude the singularity at r = 0 and must instead rely on stringy corrections to cut off the singularity. For M2, D3 and M5 branes with conformal field theories in 2 + 1, 3 + 1 and 5 + 1 dimensions giving a vacuum expectation value to r does not seem to lead to any problems and it would be interesting to understand more about the physics of these theories.
Discussion
We have found that the low energy non-gravitational bosonic actions of certain branes exhibit classical conformal symmetry when appropriately placed in the space-time background. Specifically, conformal symmetry is found for each of the D3 brane, M2 brane, and M5 brane when placed in its own near horizon background, and for the D-string when placed in the near-horizon background of a D-string embedded in a D5 brane. We find that the conformal symmetry group can be identified with the isometry group of the near-horizon space-time geometry, which in all cases we investigate is of the form adS p+2 × S d−p−2−m × E m . Thus, we have found interacting conformal field theories in 2, 3, 4, and 6 dimensions.
Although the isometries of the adS background for these actions in (d − 1, 1) space-time dimensions are non-linear, we found that these actions may be written in a simpler form as actions in We find that in order to extend the conformal symmetry of the worldvolume theory to the quantum theory, we must first spontaneously break the symmetry. The quantization of the D1+D5 is especially subtle, as there is no rigorous notion of a moduli space in this case.
There are several possible avenues for further investigation. It seems likely that the methods used in this paper can be extended to the full superconformal theory. It may also be interesting to examine the (d, 2) theories in greater detail.
configuration is a solution only under the condition that r → ∞, where r is one of the coordinates of the adS 4 . This is very different from our treatment here since the worldvolume of a membrane is a Minkowski space M 3 and there is no analog of the "End of the Universe" condition r → ∞. To understand the source of the difference we remind the reader that we couple the quantum membrane to its own near-horizon geometry (2. Due to our choice of the geometry the action of the membrane has the expected no-force condition (for the membrane with embedding condition x m = δ µ m σ µ ) for vanishing velocities. The Born-Infeld action at vanishing velocities (derivatives on all fields) is exactly cancelled by the WZ term. Indeed take eq. (7.1) for the membrane at ∂X m ′ = 0. We see that S brane | v=0 = 0. This means that the equations of motion can not lead to any constraints on the fields which would not include derivatives. In particular, this noforce condition leads to the absence of any constraints on r of the type r → ∞. The difference with [7] becomes clear when we study the geometry for the membrane which is used there. First, the coordinates for adS 4 are (X m , r) = (t, θ, φ, r):
Secondly, the 4-form F 0123 is chosen to be equal to sin θ. The embedding condition is t = τ, θ = σ, φ = ρ, where τ, σ, ρ are the worldvolume coordinates in the notation of [7] . The action at vanishing velocities does not vanish since the potential is not given by √ − det g mn = 1 + r R 2 1/2 r 2 sin θ and therefore the WZ term does not compensate the constant part of the Born-Infeld term. This means that the membrane with such an embedding is subject to the force. This force apparently vanishes at r → ∞ and therefore the configuration is referred to as a Membrane at the End of the Universe. This is in agreement with the fact that the equation of motion for the r-field for constant derivatives has a solution only at r → ∞. Thus we conclude that the difference between our approach and the worldvolume at the boundary of the adS space is due to a different choice of the embedding.
There is a simple way of seeing this: a membrane in the adS 4 × S 7 background can be viewed as a membrane in the presence of a large number of other coincident planar static membranes. If our membrane is parallel to them it will experience no force but if it is not parallel then, generically, it will feel a force (there can be some special rotations that preserve the no-force condition). Now, our embedding is just such that the membrane is parallel (this is ensured by our choice of coordinates, gauge condition, and choice of solution of the brane-wave equations for the remaining worldvolume fields). The embedding in [7] is such that the membrane is not parallel (to the source of the background). This is obvious because a 2-sphere near infinity is not parallel to the source. The difference between our embedding and theirs corresponds to a difference in the choice of how to slice the adS hyperboloid. Their slice is "elliptical" whereas ours is "hyperbolic".
Therefore when the membrane is embedded into the background as in [7] , there is a force which is pushing the brane to the boundary of adS space, which is S 1 × S 2 . The gauge-fixed action of the supermembrane in such background is given by a singleton action with conformal symmetry in S 1 × S 2 . In our case the final gauge-fixed theory is a conformal theory of the matter multiplet in Minkowski space.
B D1 embedded into D5
Here we study the unbroken supersymmetry of D1+D5 configuration, in the bulk and near the horizon. In the bulk, we find (through very standard arguments) that the variation of the fields vanishes under 8 of the 32 supersymmetries. We must now evaluate these transformations in the limit as r → 0. In this limit, we find together with (C.11) to obtain the formula of the main text.
